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Abstract 

In 1935 Carlitz introduced Bernoulli-Carlitz numbers as analogues of Bernoulli 
numbers for the rational function field Fr(r). In this paper, we introduce Cauchy- 
Carlitz numbers as analogues of Cauchy numbers. By using Stirling-Carlitz num¬ 
bers, we give their arithmetical and combinatorial properties and relations with 
Bernoulli-Carlitz numbers for ¥r{T). Several new identities are also obtained by 
using Basse-Teichimiiller derivatives. 


1 Introduction 

In 1935, L. Carlitz ([2]) introduced analogues of Bernoulli numbers for the rational func¬ 
tion field K = ¥r{T), which are called Bernoulli-Carlitz numbers now. He proved an 
analogue of the von Staudt-Clausen theorem ([3lSj). Some identities for Bernoulli-Carlitz 
numbers were found in [6]. In explicit formulae of Bernoulli-Carlitz numbers were 
given by using the basic properties of the Hasse-Teichmiiller derivatives. In [1^, it was 
shown a necessary and sufficient condition for a nonzero prime ideal of the rational func¬ 
tion 
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field divides the n-th Bernoulli-Carlitz number. A recent exposition of Bernoulli- 
Carlitz numbers can be seen in [TB]. We refer to [7] for an exposition and the modern 
notation. The Carlitz exponential ec{x) is dehned by 

CxD 

ec(a;) = 5^^, (1) 

i=0 * 

where Di = [i][i — 1]^ • • • [1]'’* ^ > 1) with Dq = 1, and [z] = T*”* — T. The Carlitz 

logarithm log(^(a;) is dehned by 

CO 

iogcW = E(-i) w- <2) 

i=0 * 

where Li = [z][z — 1] • • • [1] (z > 1) with Lq = 1. Notice that 

eci^ogcix)) = logc(ec(x)) =x. (3) 

ec{x) and logc-(a;) have the functional equations 

eciTx) = Tecix) + ec{xy (4) 


and 

T\ogcix) = \ogc{Tx) + \ogcixy , 

respectively. 

The Carlitz factorial n(z) is dehned by 

m 

m = UL‘ 

j=o 

for a non-negative integer z with r-ary expansion: 

m 

* = • 
j=0 

Therefore, 


(5) 


( 6 ) 


(7) 


m / J 


n(i) = n ^ 

j=0 Vfc=i 


I'pj 


n(v‘ _ J^Yk+Ck+ir+--- _ n(v‘ — ([•] denotes the hoor function.) 

k=l k=l 

m 

_ rjnyk+Ck+ir^ - 


k=l 


and 


n(/-i) = (Do---7^d-] 


\r—1 


Dd 


(d > 0). 


(9) 
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2 Cauchy-Carlitz numbers 

The Bernoulli-Carlitz numbers BCn are defined by 

X 


^ n(n) 


°° TJ/^ 


( 10 ) 


as analogues of the classical Bernoulli numbers defined by 


— 1 ^ n\ 

n=0 


As analogues of the classical Cauchy numbers Cn, defined by 


X 


log(l + x) 


nl 


n=0 


( 11 ) 


we define the Cauchy-Carlitz numbers CCn by 


X 


_= V -=^x^ 1121 

logc(^) ^n(n) • ^ ^ 

In addition, as analogues of the Stirling numbers of the first kind , defined by 

(-log(l-f))^ “ 


kl 


ni] 


n=0 


n\ 


(13) 


we define the Stirling-Carlitz numbers of the first kind by 

(logc(^))^ 


m) 


OO 

E 

n=0 


c n(n) ’ 


(14) 


As analogues of the Stirling numbers of the second kind { ^ , defined by 


(e* - 1)^ 


OO 

IhJ 


k\ ^ Vk ) n 

n=0 


we define the Stirling-Carlitz numbers of the second kind by 

(ec(^))' 


U{k) 


E 


n=0 


I fc J c n(?7,) 


By the definition flTdl) . we have 


n 


LoJc 


= 0 (n>l), 


n 


im 


c 


= 0 {n < m) and 


n 


In 


c 


= 1 (n > 0). 


(15) 


(16) 
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Similarly, we see 


=0 (n > 1), 1^1 =0 (n < m) and =1 (n > 0). (17) 

OJc ImJc InJc 

It is known that poly-Canchy nnmbers are expressed in terms of the Stirling numbers 
of the first kind: 






m=0 


r n 
im 


i-iy 


Theorem 1 ]) 0 . If k = 1, this is an explicit expression of the classical Cauchy numbers 
Cn (la Ch. VII], [H p.1908]). 

As analogues, we express Cauchy-Carlitz numbers as certain finite sums of Stirling- 
Carlitz numbers of the first kind. Thus, Cauchy-Carlitz numbers are calculated by this 
expression because Stirling-Carlitz numbers of the first kind are computed by flTT|) . 


Theorem 1. 


CCn = J2T 

j=0 L 


n 

ri — 1 


(19) 


c 


Proof. Note that the right-hand side of (11^1 is a finite sum by the second relation of ffT6|) . 
Observe that 


z _ ec{\ogc{z)) _ ec{t) 


logc(^) ^ogc{z) t 

^ Hc{z)Y-^ 


*=logc(^) 


v 

j=0 


D, 


oo ^ oo r 


E I] 

j=0 ^ n=0 


CXD ^ CXD 

ErE^ 

^ n=0 - 
oo / oo 

EE 


n 

ri — 1 


c 


n 

ri — 1 

n(n) 


c 


z"- 

n(^ 


n 

ri — 1 


c, 


zu 

n(n) 


^=0 \j=o ^ 

By the definition flT^ . we get flT^ . 

Similarly, as an analogous expression of the classical Bernoulli numbers 

n 'i (-l)'^-"*m! 

m=0 


^-EG 


m -|- 1 


□ 


1 . . (k) 

^In this paper we use the notation Cn ' in order to distinguish from the Cauchy numbers of high order 
in later section. 
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we get that Bernoulli-Carlitz numbers are equal to certain finite sums of Stirling-Carlitz 
numbers of the second kind. In particular, Bernoulli-Carlitz numbers are calculated by 

(USD. 


Theorem 2. 



( 20 ) 


Let f{z) be a formal power series of the form f{z) = ^ If /o 7 ^ 0, 

then let g{z) = be the inverse function of f{z). Set 


h{z) = '^Kz'^ := 

n=0 


zf'jz) 

f{z) 


( 21 ) 


Then flTOll and flT^ are special examples of (EH). Carlitz [2] studied the coefficients in 
the case where n satisfies certain assumptions. For instance, he showed that if /o = 1, 
then h^k_i = Qk- Similarly, it is seen that if /o 7 ^ 0, then h^k_i = /g gk- 

J. A. Lara Rodriguez and D. S. Thakur [16] gave other relations as follows: Let I be a 
integer with 1 < / < r and k, ki,..., ki integers with 0 < kj < k for any 1 < j < Z. Then 


i 



3 Examples 


In this section we give examples of Stirling-Carlitz numbers of the first and second kind. 
Moreover, by using Theorem [1] and Theorem El we calculate examples of Cauchy-Carlitz 
numbers and Bernoulli-Carlitz numbers. In the rest of this section, we assume that r = 3. 
Observe that 


Hence, we get 


4 

2 


c 


00 



ni z^ 
2. c n(n) 


(iQgc(^))^ 

n(2) 


2 ; - —z-^ + —z 

Li L2 


9 


= z 


.,6 


[ 1 ] [ 1 ]^ 



-F 0 • H-. 



= -2 = 1 , 




1 and 



0 . 
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By combining Theorem [H ffT6l) . and the equality above, we obtain 

1 


CC.= 


cc. = — 


1 

CM 

1 

l 

CM 

1 

Lq 

0 

c L, 

CM 

c T^- 


and 


Li 


CC.= 


c 


1 CC 
T3 + 2T ’ ® Li 


c 


T3 + 2T ’ 


Li 


OO 

1 

OO 


“h —— 


_2 

C 

OO 


c 


1 


n=0 


n 


In the same way, by using 

OO 

we get 


(T3 - T) (T9 - T) (T3 + 2T) (T9 + 2T) 
(ec(^))' 


= j_j—+ 0 • + 

2Jcn(n) n(2) ^ [1] ^ [1]2^ +u z + 


= 2 , 


c 


= 1 and 


c 


= 0 . 


c 


By combining Theorem [2l flTTl) . and the equality above, we obtain the following: 


BC2 = 

D,\ 

r2i 

1 _ 

-1 

2 

Li 1 

12J 


1 

1 

CO 

T3 + 2T ’ 

BCi = 

1^1 1 

r4i 

1 - 

1 

BC, = - 

Li 1 

12J 


T3 + 2T ’ 

BCs = 

A 1 

fs! 


D2 [8] 

1 

CO 

1 

Li) 

12J 

Li [sjc 

_ j' 


^ re 
q \2 


c 


T3 + 2T ’ 


4 Hasse-Teichmuller derivatives 


Let F be a held of any characteristic, F[[z]] the ring of formal power series in one variable 
z, and F(( 2 ;)) the held of Laurent series in 2 ;. Let n be a nonnegative integer. We dehne 
the Hasse-Teichmuller derivative of order n by 





m—n 


for YZ=RCm G F((z)), where R is an integer and Cm G F for any m > R. 

The Hasse-Teichmiiller derivatives satisfy the product rule |T8], the quotient rule 
and the chain rule n. One of the product rules can be described as follows. 
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Lemma 1. For fi G F[[z]] (i = 1,... ,k) with k >2 and for n > 1, we have 


il,...,4>0 


The quotient rules can be described as follows. 
Lemma 2. For f G F[[2;]]\{0} and n > 1, we have 

l\ 


Hi^) 


f 


E 


fk+l 
k=l •’ 

nH— 


-if(*'=)(/) 




k= 


^\k + lj /^+i ^ 

UH- 


( 22 ) 

(23) 


By using the Basse-Teichmiiller derivative of order n, some explicit expressions of 
Bernoulli-Carlitz numbers are obtained in m- In this section we study explicit expres¬ 
sions of Cauchy-Carlitz numbers and Cauchy numbers, by using the Basse-Teichmiiller 
derivatives. First, we express Cauchy-Carlitz numbers in terms of Lj without using 
Stirling-Carlitz numbers of the first kind, which gives a new method to calculate Cauchy- 
Carlitz numbers. 

Theorem 3. For n> 1, 

cc„^n(n)±(-ir Y. ■ 

r'^1 -)- \-r^k =n-{-k 


Proof. Put 


Note that 


9 ■= 


logc(^) 


E(-it- 


j=0 


r3 — 1 

rT 




2=0 



(-lb 

Li 

0 


if e = r* — 1, 
otherwise. 


(24) 
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Thus, by using Lemma [2] fl22l) and fl2n) . we have 


c'a 

n(n) 




logc(^) 


^=0 


= f - 

9 


z=0 


-l-*fe 


z=0 


k=l 


ei,...,ej,>l 
= - 


E 


fe=i 


rU H- —n+k 


Li---L 




□ 


Example. Let r = 3 and n = 8. For 1 < A; < n, put 

Sk = {{ii, ■ ■ ■ ,ik) Ml; ^ 1) 3*^ + • • • + S**" = 8 + fc} . 

Then Sk is empty except the cases of A; = 1, S'! = {(2)} and A: = 4, 5*4 = {(1,1,1,1)}. By 
Theorem [3l we get 

CGs = n(8) + (-1)*^) 

= (“ (r3 _ r) (^9 _ r) + (3^3 _ r)4) 

1 

- (T3 -T)(T9 -T) ■ 

Recall that if A: = 1, then ffTS]) gives an explicit formula for the classical Cauchy 
numbers in terms of the Stirling numbers of the hrst kind. By applying the method for 
the proof of Theorem [3l we get an explicit formula for the classical Cauchy numbers 
without using the Stirling numbers of the hrst kind. 

Theorem 4. For n> 1, 


Cn — 


= (- 1 )' 


ni 


n 

E( 

k=l 


-i)‘ 5^ 


H’ 




lx ’ ' ' tk 


ild- \-i^=n+k 


Proof. Put 


Note that 


^ log(l + z) 
z 


E(-it 


j=0 


J +1 ' 


«'”WL.„ = E7 


(-ly f] 


j=0 


j + 1 V* 




(zii:. 

i + l ' 


z=0 


















Hence, by using Lemma |2] ([22]), we have 


n\ 




= 


z=0 


log(l + z) 

n 


h 


2=0 


2 = 0 




2=0 


k=l 


nH— 


E 


—Hk 


k=l 


nH— 


-i)”E(-i)‘ E 


J (H + 1) • • • {}k + 1) 
1 


A:=l 


*lH- \-if^=n-\-k 


Zi * * * Zfc 


□ 


We can express the Cauchy numbers also in terms of the binomial coefficients. In fact, 
by using Lemma [2] (|23|) instead of Lemma [2] (|2^ in the proof of Theorem H] we obtain 
the following: 

Proposition 1. For n > 1, 


Cn 




k=l 


n + 1 
k + 1 


E 


- \-if^=n-\-k 



From (IT^ we have 

'-log(l - z] 


E« 

n=k 


^n—k 


nl 


E 


k\ 


—^ {n + k)\ 

71=0 ^ ' 


n + k 
k 


(25) 


Applying Lemma [T] with 


h{z) 


fk{z) 


- log(l - z) 

5 

Z 


we get 


E 

n+'"+»fc=" 


1 

(A + 1) ■ • • {ik + 1) 


k\ 

{n + k)\ 


n + k 
k 


(26) 


Together with Proposition [H we deduce a simple expression for Cauchy numbers in terms 
of the binomial coefficients and Stirling numbers of the hrst kind. 


9 




















Proposition 2. For n > 1 


= {-irJ2{-i) 


k=l 


, Ki) 


n + k 
k 


By using Proposition |2], immediately we get some initial values of Cauchy numbers: 


Cl = 


1 

2 ’ 






C6 = 


863 

'”8?’ 


c? — 


1375 

24 


Define the Cauchy numbers of order m 

) m 

Notice that the concept of Cauchy numbers of higher order is different from that of poly- 
Cauchy numbers (lEl). though we use the similar notation here. 

We now introduce formulae for Cauchy numbers of higher order, by using Hasse- 
Teichmiiller derivatives. The hrst two formulae (Proposition |3] and Proposition H]) give 
expressions for Cauchy numbers in terms of multinomial coefficients, binomial coefficients, 
and the Stirling numbers of the hrst kind. The last formula (Proposition [5]) gives a simple 
expression without using multinomial coefficients, which is useful to calculate Cauchy 
numbers of higher order. 

Let again h{z) = (log(l -|- z))/z. By applying Lemma [2] fl2^ with f{z) = h{z)"^, we 
see, by ([27D, 


by 


E' 

n=0 


.(m); 


ni 


(27) 


k=l 

Using Lemma [Hand the identity fl26l) . we get an explicit formula for Cauchy numbers of 
higher order. 

Proposition 3. For n> 1 





;_i)»E(-l)* E 


k=l 


UH- 


(. V ) 

\ ra ) \ m 


ii+ m 


ik + m 

m 


m 


If we use Lemma [2] (12^ instead of Lemma [2] (j2^ . we obtain the following. 
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Proposition 4. For n > 1 


1 \n \ \ ^ 

ii + m 


ik + m 

^ _ rik+m\ 

k=l ^ \ m J \ m J 

m 


m 




Applying Lemma [T] with 


/i(^) 


fk{z) 


log(l-^) ^ 


we get, by fl2S]) . 


{mk)\ 

[n + mk)\ 


n + mk 

m\ ml 

ii + m 


ik + m 

mk 

. ^ (A -F m)\ (4 + rn)\ 

m 


m 


»lH- = " 


Multiplying the both sides of the equality above by n\, we deduce a different explicit 
expression of by Proposition 01 


Proposition 5. For n > 1 


J^) 




k=l 


(fc+i) In + mk 
[ mk 


For example, when m = 3, we have 


„( 3 ) _ „( 3 ) 

~ 2 ’ ^2 


= 1, cf = 0, 


C 4 


^ .( 3 ) 

10 ’ 



16 ( 3 ) 

21 ’ 


11 ( 3 )^^ 

4 ’ ® 30 ■ 


Dehne the Cauchy-Carlitz numbers of order m by 



(28) 


In the rest of this section, we show that Cauchy-Carlitz numbers of higher order are also 
expressed only in terms of Lj in the same way as Theorem 01 

Let again g{z) = {\og(j{z))/z. Applying Lemma 121 fl2^ with f[z) = {g[z))^, we get, 
by dZHD, 


n(n) 




k=l 


nH— 


^(i.) 


By applying Lemma [H to the right-hand side of the equality above, and using the identity 
fl2Tl) . we get the following: 
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Proposition 6. For n > 1 


where 


n 

= n(n) ^(-1)^ 

k=l n. 

-|- \-r3fn =i-\-m 


5 Stirling-Carlitz numbers 

One of the most useful identities of Stirling numbers is the pair of inversion properties: 


E(-i) 

m=k 

n 


m—k 


m=k 


n ■ 
m. 

n 

m 


m 


m 

k 


= 5. 


n,k ? 


= 5. 


n.k 


Stirling-Carlitz numbers also satisfy the similar orthogonal identities. 
Theorem 5. Let n, k be nonnegative integers with n > k. Then 

m' 


E 

m=k 

n 

E 

m=k 


r n 
im 


c < k ) c 


hn,ki 


n 
m ■) c 


m 

k 


c 


hn,k- 


(29) 

(30) 


Proof. We may assume that k>l because if /c = 0, then fl2^ and fl5U]l are easily checked 
by ffT6|) and ffT7|) . We see that 

= (ec{logc{z)) 




m=k 

oo 

E 


^ I A: J c n(m) 
m'l n(A;) 


n 


n(m) 

^ \ k } c n(m) LmJ c Ilfn) 

m=k ^ ^ n=m ^ ^ 


oo 

E[ 


n(fc) n r n 


n(n) ^ im 

n=k ^ ^ m=k 


m' 

c U Jc ’ 


which implies (12^ . In the same way, we deduce (15II]) . 


□ 
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In the rest of this section we introduce more properties on Stirling-Carlitz numbers 
of the hrst and second kind and {!^}q in the case where n and m satisfy certain 

conditions on the sum of digits. When a nonnegative integer i is expressed as r-ary 
expansion o. we write the sum of digits of i by 

m 

•= ^ 
j=0 


First we show that if A(n) = A(m) = 1, then the Stirling-Carlitz numbers are expressed 
as certain products of the terms of Di and Lj. 


Proposition 7. Let a and b be nonnegative integers with a > b. Then we have the 
following: 


>“] _ Da (-1)“-'’ 

n. Tr>> 

L' Jc 

f r“ 1 _ IX 1 

D,' 


(31) 

(32) 


Proof. Note for any r > 0 that ( — 1)'^ — —1. In fact, if r is even, then —1 — 1 becanse 
the characteristic of is 2 . Since 


(logc(2^))'’ =Y1 

i=0 

oo 


c 


Dfj 

Id/ 


- 1 )* 


^i + b 


-z = 


E 


- 1 ) 


i—b 


i=0 


T r° 

i=b 


we obtain (j3T|l . Similarly, calculating the coefficients of {ec{z)y , we see (j32ll . 

Next, we show that if A(n) > A(m), then the Stirling-Carlitz numbers vanish. 
Proposition 8. Let n and m he positive integers with A(n) > A(m). Then 

= 0 . 


n 

m. 


c 


n 
m ■) c 


□ 


Proof. Let s := A(m). Then (\og^{z))"^ is written as 


(logc(2:))'” 


OO 


E 


j 1 n(m) . 

- 

mic n(i) 


ri(iogc(^))'“‘‘’ 


where a(l),..., a(s) are nonnegative integers. For example, a(l) = ••• = a(co) = 0, 
a(co -f 1) = ■ • • = a(ci) = 1, ..., a{cm-i + 1) = • • • = a(cm) = rn. For any j > 1, the 
coefficient of z^ is not zero only if A(j) < A(m). Thus, we get 


n 

imi c 


0 . 
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Similarly, we see 


n 
m) c 


= 0 . 


□ 


For example, consider the case of r = 3, n = 8 and m = 2. Using A( 8 ) = 4, A(2) = 2, 
we see 

' 8 ' 


c 


= 0 


c 


by Proposition | 8 l 


6 Some properties of Cauchy-Carlitz numbers 

(k) 

It is known that poly-Canchy nnmbers c„ satisfy 


n 



m=0 


1 

(n + 1 )^ 


f |121 Theorem 3]). If fc = 1, this identity is the same as that in [TU Theorem 2.3]. For 
Canchy-Carlitz nnmbers, we obtain an analogous identity. 


Theorem 6. For a nonnegative integer n, we have 


E 

m=0 


n 


m) c 


CC„ 



if n = F — 1, 
otherwise. 


Proof. By Theorem [T] and Theorem [5], we have 


m=0 m=0 . 7=0 

oo 


1 


j=0 J 772=0 


i=0 ^ L 


n 
m) c 


m 

r3 — 1 

m 

ri — 1 


J c 


c 


3=0 


— 1 


-E if n = — 1 , 

0 otherwise. 


□ 
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It is known that 


1 

n! 


m=0 


n + 1 
m + 1 


Br, 


Similarly, we have the following. 


1 

n + 1 


Theorem 7. For a nonnegative integer n, we have 

Mm 


m=0 


n 

m 


BCm — 




c 


0 


if n = F — 1, 
otherwise. 


There are alternating expressions between poly-Bernoulli numbers and poly-Cauchy 
numbers (in ED- When k = 1, they are reduced to the relations between classical 
Bernoulli numbers and classical Cauchy numbers. 


1=0 m=0 


m! 


n r r m 
mJ I I 


,{k) 

H 1 


Ak) ^ 


n—m r 


/=0 m=0 


■ n ■ 


'm' 

.m. 


. 1 . 


B. 


(k) 


As analogues, we have the following. 
Theorem 8. 




m=r3 — l>0 


CQ, 


cc„ = E E 


m=r^ — 1>0 


(- 1 ) 

n(m) 


J r 


■ n ■ 


'm' 

.m. 

c 

. 1 . 


BC,. 


c 


Proof. By Theorem E] and Theorem [21 we have 


E E (-itnwCli 

/>0 m=r3-l>Q 

oo ^ 

= 5;(-i)'n(r' -1) I 

n—n f 


m 


I J c 


CC, 


n 

ri — 1 


c ^3 


j=0 3 

= BCr, . 


n 

r3 — 1 


c 
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By Theorem [7] and Theorem [H we have 


E E 

1^0 m=r^ — l>0 
oo 

= En(>'’- 

j=0 

= ca. 


. 1 ). 


n(m) Im 


■ n ■ 


'm' 

.m. 

c 

. 1 . 


1 ) 


n 

ri — 1 


BCi 

c 

l)W, 


c 




OO ^ 

j=0 ^ L 


n 

r-? — 1 


J c 


□ 
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